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Abstract
The effects of non-Riemannian structures in Cosmology have been
studied long ago and are still a relevant subject of investigation. In the
seventies, it was discovered that singularity avoidance and early acceler-
ated expansion can be induced by torsion in the Einstein-Cartan theory.
In this framework, torsion is not dynamical and is completely expressed
by means of the spin sources. Thus, in order to study the effects of tor-
sion in the Einstein-Cartan theory, one has to introduce matter with spin.
In principle, this can be done in several ways. In this work we consider
the cosmological evolution of the universe in the presence of a constant
isotropic and homogeneous axial current and the Weyssenhoff spinning
fluid. We analyse possible solutions of this model, with and without the
spinning fluid.
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1 Introduction
The non-Riemannian generalizations of General Relativity have been played
an important role in gravity and particularly in Cosmology. The most simple
generalization of General Relativity (preserving metricity) is achieved by the
introduction of an asymetric connection, with torsion as its antisymmetric part.
It is possible to consider cosmological models in the framework of more general
non-Riemannian structures (see for example the review by Puetzfeld[1]), but
these cases will not be treated here. For the introduction of the foundations of
the theory, see Ref. [2], and for a more recent review, including the quantum
aspects of torsion, see Ref. [3].
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According to Kopczynski [4], Trautman [5] and Hehl, von der Heyde, Ker-
lick [6], the singularity avoidance and accelerated expansion can be induced by
torsion in the Einstein-Cartan theory. In this framework, torsion is completely
expressed in terms of the spin sources [2], such that one has to introduce mat-
ter with spin in the gravitational action. Spin sources can be introduced, for
example, by means of the Dirac action, in the light of the variational principle
(See, e.g., Ref. [7], where torsion does not prevent the initial singularity, but
rather enhances it).
Alternatively, one can consider a fluid with intrinsic spin, not admitting a
priori a Lagrangian full description. One has to postulate a spin correction
to the usual energy-momentum tensor. For example, Szydlowski and Krawiec
[8] have studied the cosmological effects of an exotic perfect fluid known as the
Weyssenhoff fluid [9], as well as the constraints from supernovae Ia type observa-
tions, concluding that the dust Weyssenhoff fluid provides accelerated expansion
but it can not serve as an alternative to Dark Energy. Gasperini [10] consid-
ered the Weyssenhoff fluid with its energy momentum tensor (derivable from a
Lagrangian) improved by Ray and Smalley [11], with spin as a thermodynami-
cal variable. Obukhov and Korotky [12] formulated a more general variational
theory describing the Weyssenhoff fluid and also applied to cosmological models
with rotation, shear and expansion.
In Ref. [10], torsion provides singularity avoidance and inflation, but the
expansion factor of the cosmological scale, a(t), is too small, unless the state
equation parameter w (p = wρ) of the spin fluid is fine tunned in a very special
way. In this work we shall consider the Weyssenhoff fluid with the energy-
momentum tensor improved by Ray and Smalley [11], in the relativistic regime,
and also a constant axial current coupled with torsion, JµSµ (Sµ = totaly
antisymmetric torsion).
2 Variational Principle
The action in the Einstein-Cartan framework is given by
S =
∫ √−gd4x
{
− 1
κ2
R˜+ LM
}
, (1)
where metric has signature (+ − −−), κ2 = 16piG (we use units such that ~ =
c = 1) and R˜ is the Ricci scalar constructed with the asymmetric connection,1
Γ˜µαβ , which, by using the metricity condition (∇˜αgµν = 0) and the following
definition of torsion
T µαβ := Γ˜
µ
αβ − Γ˜µβα ,
can be expressed as
Γ˜µαβ = Γ
µ
αβ +K
µ
αβ , (2)
1All quantities with an upper tilde are constructed with the asymmetric connection, and
the corresponding quantities without tilde are constructed with the Riemannian (symmetric)
conection.
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where Γµαβ is the Riemannian connection (Levi-Civita connection) and the
quantity Kµαβ is the contortion tensor, given by
Kµαβ =
1
2
(T µαβ − Tαµβ − Tβµα) .
The term LM is the Lagrangian describing matter distribution. We consider
here the following matter Lagrangian:
LM = LAC + LSF , (3)
where LSF is the Lagrangian of spin fluid [11] and LAC is the external source,
present in the minimally coupling Dirac sector (see, e.g., Ref. [3]):
LAC = JµSµ , (4)
where Jµ is a constant background axial current2 and Sµ is the axial part
of torsion, defined by Sµ = ελρσµT
λρσ (ελρσµ is the Levi-Civita tensor, with√−gε0123 = 1).
In order to vary the action and get the dynamical equations, let us choose
gµν and Tαβγ as independent dynamical variables (as was done in Refs. [2, 10]),
and Jµ as an external quantity.
The algebraic equation for torsion, coming from variation with respect to
Tαβγ , reads
T µαβ = −κ2
{
2Jσεµαβσ +
1
2
Sαβuµ
}
, (5)
where Sαβ is the spin tensor, we have used[10, 11]
τµναSF =
1√−g
δ(
√−gLSF )
δKµνα
=
1
2
Sµνuα ,
and uα is the fluid four-velocity. Substitution of Eq. (5) into the dynamical
equations coming from variation with respect to gµν yields, after taking the
average,
Gµν = κ
4
{
−3gµνJ2 − 6JµJν + 1
16
gµνσ
2 − 1
8
uµuνσ
2
}
+ gµνΛ
+
κ2
2
{(ρ+ p)uµuν − pgµν} , (6)
where 2σ2 =< SµνS
µν >, J2 = JµJ
µ and we have used the same energy-
momentum tensor for the spinning fluid of Gasperini [10] and included the
cosmological constant, Λ.
2Here we do not consider Jµ = ψ¯γ5γµψ a priori.
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3 Dynamical Equations and Solutions
The spacetime metric is the spatially flat homogeneous and isotropic metric,
ds2 = dt2 − a(t)2(dx2 + dy2 + dz2). For the radiation fluid (p = ρ/3), the
relevant components of Eqs. (6) can be used to get
a¨
a
= κ4σ2/24− κ
2
6
ρ+ Λ/3 . (7)
It is remarkable that the axial current has no effect in the above equation.
Further manipulations give the energy conservation, ρ˙a+4a˙ρ = 0, with solution
coinciding with the standard radiation dominated solution, ρ = ρ0
a4
0
a4 (subscript
0 means present time). In order to find solution for a(t), one substitutes this
result and the assumption[13] σ2 = γρ3/2 into the temporal component of Eqs.
(6),
3a˙2
a2
= κ4
(−9J2 − σ2/16)+ κ2ρ/2 + Λ . (8)
Let us choose ρ0 = 10
−54 GeV4 and keep in mind Λ = 5 × 10−84 GeV2
and κ2 = 3.38 × 10−37 GeV−2. In the absence of the spin fluid, positivity of
a˙2 establishes the upper bound J20 ≃ 4.863 × 10−12 GeV6. For J2 < J20 and
γ = 0, there is no singularity avoidance and late accelerated expansion begins
at a = 0.0136 (independently on the J2). Similar upper bound occurs if we
include the spin fluid. For γ = 10−12, the minimum allowed a is 6.50× 10−39,
the (very brief) early accelerated expansion ends at a = 9.19 × 10−39 and late
accelerated expansion starts at a = 0.0136. Actually, these results corresponds
to the case J2 = 0 (J2 < J2
0
is still too small to give substantial effect). The two
different accelerated expansion epochs is guaranteed as far as 0 < γ < 8× 1059.
It is worth mentioning that Kostelecky´, Russell and Tasson [14] have applied
the recent experimental searches to find constraints for the constant torsion field.
For example, if torsion is minimally coupled with fermions, it is showed (in our
notations) that |SµSµ| < 8.4× 10−54 GeV2. Of course it does not apply to the
present consideration, because torsion depends also on the spin density and so
it is not constant. But in the absence of the spin fluid, torsion is entirely written
in terms of the axial current, such that it is constant. In this case, the above
upper bound can be used to fix J2 / 1018 GeV6, which is remarkably much
larger than the upper bound dictated by positivity of a˙2.
The investigation for time-dependent J2 is postponed for a forthcoming
work.
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